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Abstract. Many tasks in economic research are based on arithmetic calculations of indicators that reflect the
state of economic development. The general incompleteness of publicly available data, designed to solve such
problems, has led to the emergence of numerous decision support systems based on fuzzy arithmetic. The
article presents a study on the approach aimed at integrating fuzzy information about economic indicators into
economic models. The definition of arithmetic operations on fuzzy values is given, and the methods of obtaining
the resulting fuzzy indicators with the help of some software tools are considered. Analytical and numerical
methods of obtaining the resulting indicators in the form of fuzzy numbers are described and analyzed. A direct
calculation algorithm for all arithmetic operations is proposed, utilized, and used for the evaluation of resulting
indicators. Also, analytical and numerical methods for obtaining fuzzy results are considered in the article, and
some of them are proposed for utilization. On the example of economic indicators used in the labor rationing,
the results of an evaluation of some indicators for a technological operation in the form of fuzzy numbers were
obtained by different methods and compared. The practical recommendations, given in the article, on the use
of fuzzy arithmetic in decision support systems outline the directions of further research.

1 Introduction

To make an effective management decision under the con-
ditions of uncertainty and risk, it is often required to take
into account incomplete information about the indicators
that affect the efficiency of processes in various sectors of
the economy. So, the tasks of assessing economic indi-
cators are often performed taking into account the uncer-
tainty. One of the ways to describe the incompleteness of
information in indicators of different nature is to formalize
the uncertainty using the fuzzy set theory approach.

The presentation of economic indicators in the form
of fuzzy numbers opens up ample opportunities for taking
into account uncertainty and using all available informa-
tion in calculations without significant losses due to as-
sumptions about the determinism and clarity of specific
values. Working with economic indicators presented as
fuzzy values requires the use of appropriate calculation
methods, in particular, using the software. This will auto-
mate the fuzzy assessment of indicators obtained by estab-
lishing the relationship between factors described as fuzzy
numbers.

The fuzzy set theory, proposed in 1965 by L. A. Zadeh
[1, 2] is becoming more and more widespread in the prac-
tice of modeling uncertainties in indicators of various na-
tures. In particular, the methods and basic concepts of the
fuzzy set theory have found their application in economic
research tasks.

Thus, if we move away from the idea of considering
the economic indicators as random values with unknown
probabilistic characteristics and move on to the concepts
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of the fuzzy set theory, we can obtain full advantage of the
fuzzy set theory technique over the technique of probabil-
ity theory, which does not provide a suitable way to answer
many practical questions.

At the same time, the similarity in the concepts of
fuzziness and randomness allows us to draw correspon-
dences between the membership functions in the fuzzy set
theory and likelihood characteristics in probability theory.

In many works devoted to the mathematical modeling
of various economic processes, it is noted that the practice
of modeling economic indicators with only average char-
acteristics is not always acceptable. Most indicators that
take into account only the average values should also be
described with a margin of error estimate. According to
the authors of this article, most of the economic indicators
should be described using fuzzy values (fuzzy numbers).
Moreover, the construction of their membership functions
can be based both on the use of expert information and
on a statistical analysis of the distributions of the studied
indicators.

The main purposes of this study are: considering the
existing fuzzy arithmetic methods; applying fuzzy arith-
metic methods to the problems of fuzzy estimation of eco-
nomic indicators on the example of calculating indicators
in the field of labor rationing; comparing the results of esti-
mation obtained by different methods, in particular, imple-
mented in the programming language R; providing recom-
mendations for further use of fuzzy arithmetic for assess-
ing economic indicators taking into account an uncertainty
of fuzzy nature.

There are six sections in this article. The first one con-
tains the description of the background of this research.
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The second section presents an overview of the scientific
sources on the topic of research. The theoretical details
of the proposed methods are explained in the third sec-
tion. Then, the stages of the study and their main results
are shown in the fourth and fifth parts of this work. The
last part of the article contains several conclusions based
on the research results and covers a discussion on further
research directions.

2 Literature review

Since 1965 [1], the methods and basic concepts of fuzzy
set theory have become widespread in the practice of
solving economic problems. The introduction of the
fuzzy sets’ concept, classes with inaccurate boundaries de-
scribed by membership functions, provided a basis for the
development of a more flexible approach to the analysis
of judgments and modeling of complex systems, whose
behavior is described by linguistic rather than numerical
variables.

Working with fuzzy indicators requires the use of ap-
propriate theoretically sound calculation methods, which
is impossible without the use of modern computing tools.
The basic concepts of fuzzy arithmetic are represented in
different scientific works all over the world. In particu-
lar, the articles [3–9] contain the description and theoret-
ical reasoning of the most widely used methods of fuzzy
calculations. Some of the studies [10–13] are provided
to improve the basic ideas by the new computational ap-
proaches. These works are only a small part of the total
number of works in this area.

Recently, many software products have been created
for fuzzy calculations, which allow taking into account
the need to perform arithmetic operations on fuzzy val-
ues. One such software is the R programming language,
which contains the corresponding function libraries, which
are constantly supplemented by implementations of new
methods. Work with these methods is described in detail
in the relevant literature [14–16], which simplifies their
practical application for fuzzy calculations.

Also, some implementations of fuzzy arithmetic are
presented in the studies [17–20] related to several eco-
nomic tasks. In [17] is proposed a method based on fuzzy
arithmetic, designed to estimate the possible range of flow
rates (and levels) of water, to make a forecast, based on
possible rainfalls provided by the uncertainty model. The
paper [18] outlines a computational method for decreas-
ing the imperfection of the fuzzy arithmetic models out-
put, where was suggested an approach aiming at integrat-
ing into the arithmetic models fuzzy information still not
taken into account: the imprecise knowledge about the in-
teraction potentially existing between two variables when
performing an arithmetic operation (addition, subtraction,
division or product). The article [19] represents a model
of the power plant as a multivariable system using fuzzy
arithmetic based on the Transformation Method. Finally,
in cash flow analysis [20], instead of single-valued estima-
tion, each cost data value is proposed to be designated as
a trapezoidal fuzzy set number.

3 Research methodology

Fuzzy set theory tools allow to intuitively display inac-
curate or fuzzy data. Fuzzy numbers form a subclass of
fuzzy sets built on subsets of real numbers. By definition,
a fuzzy set A with a membership function µA : R → [0, 1]
is a fuzzy number if it has at least the following properties:

1) it is a normalized fuzzy set, i.e. µA(x0) = 1 for a
certain value x0 ∈ R;

2) the membership function is convex, i.e. it is true
that µA

(
λx1 + (1 − λ)x2

)
≥ µA(x1) ∧ µA(x2) for any

x1, x2 ∈ R and λ ∈ [0, 1] ;

3) the carrier set (universe of discourse) of the fuzzy
set A is limited.

The specific types of membership functions are de-
termined based on various additional assumptions about
the properties of these functions (symmetry, monotonicity,
continuity of the first derivative, etc.) taking into account
the specifics of the existing uncertainty and the real situa-
tion [4].

In particular, fuzzy numbers with a triangular member-
ship function µ(t) are called triangular fuzzy numbers, and
they are denoted by t =

(
tmin/tc/tmax

)
, where tmin, tmax, tc –

the minimum, maximum value, and some measure of the
central value (mean, mode, median, etc.) of a particular
parameter, respectively. The membership function of this
triangular fuzzy number is:

µ(t) =


t−tmin
tc−tmin

, if tmin ≤ t ≤ tc,
t − tmax

tc − tmax
, if tc ≤ t ≤ tmax.

(1)

To solve the problem of inflexibility and incomplete-
ness of using single-valued estimates of economic indi-
cators, fuzzy numbers can be employed to deal with the
uncertainty in economic analysis.

There is no doubt about the need to automate calcu-
lations on determining the results of arithmetic operations
on fuzzy numbers. Also, the implementation of the fuzzy
arithmetic methods requires using of computer technolo-
gies, which can allow developing the corresponding algo-
rithms. Some of the algorithms were developed by the
authors using VBA in Excel, and utilized for fuzzy arith-
metic calculations of economic indicators in the field of
labor rationing.

Nowadays, the design of fuzzy systems is assisted by
the general-purpose fuzzy systems software (FSS) that has
been actively developed during recent years [15]. Most
of this FSS is released to free and open-source libraries
and toolboxes with the aim of being reusable and easy to
integrate with software developed for specific application
purposes [15].

One of such general-purpose fuzzy systems software is
an R programming language (with RStudio environment).
R is a free, open-source language that is already widely
used in various fields (from computer science to social
sciences) [14]. At present, the R programming language
is gaining importance as a non-commercial solution that
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is competitive with Matlab [15]. Thus, the provision of
freely available software for the use of non-classical fuzzy
systems within the R packages allows practitioners and re-
searchers from a wide range of fields to use in their re-
search the developments of the entire research community
[14].

Fuzzy numbers, which play an important role in many
practical applications, have a software implementation in
the R package. FuzzyNumbers is an open-source package
for the R programming language, which deals with all ma-
jor operating systems, i.e. Windows, Linux, and macOS
[16]. FuzzyNumbers is designed for easy and efficient use
of fuzzy numbers and various fuzzy operations.

A fuzzy number A can be specified by giving its carrier
set (universe of discourse), or left/right side functions, or
lower/upper limits of α-cuts [16]. In practice, most algo-
rithms that work with fuzzy numbers involve the use of at
least the latter, i.e. α-cuts.

A fuzzy number given by side functions (LR fuzzy
number) has the following form of membership function
[16]:

µA(x) =



0, if x < a1,

le f t
(

x−a1
a2−a1

)
, if a1 ≤ x < a2,

1, if a2 ≤ x ≤ a3,

right
(

x−a3
a4−a3

)
, if a3 < x ≤ a4,

0, if x > a4.

(2)

where a1, a2, a3, a4 ∈ R, a1 ≤ a2 ≤ a3 ≤ a4, le f t – is
a non-decreasing function (left generator A), right – is a
non-increasing function (right generator A).

For example, a fuzzy number A with linear side
functions (trapezoidal number) can be specified in R as:
“A->FuzzyNumber (1, 2, 4, 7, left = function (x) x, right
= function (x) 1-x)”.

To graphically represent a given fuzzy number we can
use the command: “plot (A)” (figure 1).

Figure 1. Membership function of a trapezoidal fuzzy number

A similar trapezoidal fuzzy number
can also be specified using the function:
“TrapezoidalFuzzyNumber(1,2,4,7).

So, to specify such a number, we must provide four
parameters: a1, a2, a3, a4 ∈ R.

Also, the FuzzyNumbers package contains the meth-
ods for performing arithmetic operations on different types
of fuzzy numbers. But, while addition and subtraction are
fairly simple operations, multiplication and division, un-
fortunately, remain unclosed and are more complex [8],
and do not always have a solution.

4 Case study: fuzzy arithmetic methods in
calculating the economic indicators

4.1 Direct and inverse methods of performing
arithmetic operations on fuzzy numbers

If we are talking about the economic indicators in differ-
ent areas of research, the shape and values of membership
functions of fuzzy numbers can be obtained using expert
information, as well as using probabilistic methods based
on certain similarities between the concepts of fuzziness
and probability. Without the ability to accurately deter-
mine the type of distribution, from which the samples are
taken, we only can deal with the distribution frequency
characteristics.

We propose the method of fuzzy representation of eco-
nomic indicators based on statistical data. Thus, based on
statistical data of selected economic indicators, appropri-
ate distribution histograms or frequency polygons can be
constructed with the number of intervals m in the range
from 7 to 12 according to the recommendations for his-
togram building [21]. Each value of the membership func-
tion µ of the corresponding indicator is calculated for the
middle of each interval as a relative frequency divided by
the maximum value of all frequencies.

Then, it is possible to obtain a fuzzy number
A = 〈µA; [a; b]〉 with a discretized membership function
µA given on the real interval [a; b], which is divided into
m equal parts: [a; b] = [b0; b1] ∪ [b1; b2] ∪ . . . [bm−1; bm],
where b0 = a, bm = b. Each value µA(bi) of the member-
ship function corresponds to the value bi, i = 0,m . There-
fore, µA is a point membership function specified on the
real interval [a; b].

In probability theory, there are no general definitions
or methods for determining the parameters of the distribu-
tion of an indicator, which is the result of performing arith-
metic operations on random variables. And if we need to
form our opinion on the shape of the indicator’s resulting
distribution, we need to build modeling (simulating) algo-
rithms.

On the contrary, in fuzzy set theory, there are several
methods designed to obtain the results of arithmetic op-
erations on fuzzy numbers. Among them, there are an-
alytical and numerical methods, as well as direct and in-
verse methods. Numerical methods are more universal and
convenient than the analytical methods for use in practical
problems of automated calculations.

The fuzzy extension principle, introduced by Zadeh
in [1, 2], is the basic tool for fuzzy arithmetic. It ex-
tends functions of real numbers to functions of fuzzy num-
bers and it allows the extension of arithmetic operations to
fuzzy arguments [4]. According to the extension princi-
ple, the following definition of a membership function for
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a fuzzy number, which is the result of an arithmetic oper-
ation on two fuzzy numbers A and B, is:

µA◦B (z) = sup
U

{
µA(x) ∧ µB(y)

}
(3)

where U =
{
(x, y) ∈ σ(A × B)|x ◦ y = z

}
, {◦} – is an

arithmetic operation from the set {+,−, ∗, /}, σ(A × B) -
is the Cartesian product of the partitions of the fuzzy set
carriers A and B.

If we use this definition directly, and try to calculate
the resulting membership function values as required in
formula (3), then we obtain the method for determining
the result of arithmetic operations on fuzzy numbers called
a direct method.

In addition to direct methods, there are several inverse
methods for solving the problem, based on so-called α-
cuts representation. By the α-cuts approach, it is possi-
ble to define a parametric representation of fuzzy num-
bers that allows a large variety of possible shapes, and is
very simple to implement [4]. Both analytical and numer-
ical methods have been developed in the theory of fuzzy
sets, in particular, there are matrix methods. One of them,
described in [9], allows finding a solution for any arith-
metic operation from the set {+,−, ∗, /}, provided that the
membership functions of the numbers, combined by these
operations, are convex. And also, the division operation
requires compliance with the condition: 0 < [c; d], where
[c; d] - is the carrier of a fuzzy number representing the
divisor.

The difference between the inverse methods and the di-
rect ones is in the fact, that the discretization of the mem-
bership function in inverse methods is not based on the pa-
rameter X, but on the value of α ∈ [0; 1], i.e. α-level sets
(α-cuts) are constructed for the values of α (for example,
α = 0.2, 0.4, 0.6, 0.8 and 1). But in this case, there is an
additional issue with determining of the value xi for each
level α. That is due to the fact that the membership func-
tion is built by frequencies based on the uniform partition
of the parameter X, which does not guarantee the presence
of exact values of α at the obtained partition points.

We assume, that if the value is given by the discretized
membership function µ by the parameter X, then in the
interval between the nodes of the partition, µ is approxi-
mated by a linear function ax + b, which parameters are
calculated by the formulas:

a =
µ(x1) − µ(x2)

x1 − x2
; b =

µ(x2)x1 − µ(x1)x2

x1 − x2
(4)

where (x1, y1), (x2, y2) – the partition nodes.
Then, the value xi for a given α-level could be cal-

culated by the formula: xi = α−b
a , having determined in

advance on which section, relative to the nodes, the value
of α is.

Thus, having the membership function discretized by
α-levels, we will be able to apply the matrix method [9]
for finding the results of arithmetic operations on fuzzy
numbers. To do this, we construct a matrix of dimension
18 × 18 (there are nine values of α-levels = 0.2, 0.4, 0.6,
0.8, 1.0, 0.8, 0.6, 0.4, 0.2 for each fuzzy number). Even

values of matrix indices both in rows and columns will cor-
respond to the values of arithmetic operation results (per-
formed on the particular values of the carriers of A and B).
Odd indexes will indicate the level of the corresponding
membership function, which is the result of the operation:

µc(xi j) = min(µ(xAi); µ(xB j)). (5)

So, the results of the operation xi j = xAi◦xB j are placed
in the cells of the matrix with even indices i and j. All
other cells of the matrix remain unfilled.

Studies show that the solution for the resulting func-
tion is located depending on the type of operation on one
of the matrix diagonals: for addition and multiplication –
on the diagonal that runs from the upper left corner to the
lower right corner, and for subtraction and division – on
another diagonal.

Then, we carry out the numerical experiment to find
the result of the multiplication of two fuzzy numbers A and
B by the method of direct application of the formula (3),
and also by the method of a full scan of frequency charac-
teristics with subsequent multiplication of corresponding
data values.

The membership functions of fuzzy numbers are of-
ten based on expert information. However, there are also
probabilistic methods for constructing membership func-
tions based on the similarity of the concepts of fuzziness
and probability.

Suppose, that there is statistical data on some eco-
nomic indicators A and B. According to the obtained
samples, the corresponding frequency histograms are con-
structed using the number of intervals in the range defined
as recommended by Sturges’ Rule for building histograms
[21]. But, in our study, we have chosen the number of bins
quite larger, to have more data points for calculations, and
we set m = 19.

To obtain an unambiguous correspondence between
the values of A and B to the frequencies, we replace the
frequency histogram with another graphical characteristic
used in probability theory and mathematical statistics – a
frequency polygon. The values of the fuzzy number carri-
ers for A and B and the corresponding frequencies N are
represented in table 1.

So, we construct the membership function for each
number A and B based on the available frequency poly-
gons. To do this, we normalize the values by dividing the
current frequencies by the maximum frequency value nmax.
Thus, we obtain two fuzzy numbers: A = 〈µA; [a; b]〉 and
B = 〈µB; [c; d]〉, where µA, µB – are the discretized mem-
bership functions given on the carriers [a; b] and [c; d]
(real intervals) respectively.

Moreover, the real intervals [a; b] and [c; d] are di-
vided into m equal parts: [a; b] = [b0; b1] ∪ [b1; b2] ∪
. . . [bm−1; bm],where b0 = a, bm = b; and [c; d] = [d0; d1]∪
[d1; d2] ∪ . . . [dm−1; dm], where d0 = c, dm = d.

Thus, two point membership functions are set on the
intervals [a; b] and [c; d] by the values bi, i = 0,m and
di, i = 0,m, and corresponding values of the membership
functions µA and µB.

Now, we need to construct the membership function
of the fuzzy number AB directly using the definition (3).
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Table 1. Membership functions for A, B and AB

A N µA B N µB AB µab

0.05 1 0.03 0.37 1 0.02 0.02 0.07
0.07 2 0.07 0.39 1 0.03 0.03 0.32
0.10 11 0.32 0.41 3 0.08 0.05 0.54
0.12 17 0.49 0.42 6 0.17 0.07 0.73
0.15 23 0.67 0.44 8 0.24 0.09 0.89
0.17 25 0.73 0.46 19 0.54 0.10 1.00
0.20 34 1.00 0.48 17 0.49 0.12 0.86
0.22 33 0.96 0.50 26 0.77 0.14 0.76
0.25 29 0.86 0.51 30 0.89 0.15 0.59
0.27 23 0.67 0.53 34 1.00 0.17 0.55
0.30 19 0.55 0.55 28 0.82 0.19 0.41
0.32 14 0.41 0.57 26 0.77 0.21 0.25
0.35 9 0.25 0.59 20 0.59 0.22 0.14
0.37 4 0.12 0.61 14 0.41 0.24 0.14
0.39 5 0.14 0.62 9 0.27 0.26 0.07
0.42 2 0.07 0.64 5 0.15 0.27 0.05
0.44 2 0.04 0.66 2 0.05 0.29 0.04
0.47 1 0.02 0.68 2 0.04 0.31 0.02
0.49 1 0.02 0.70 1 0.02 0.33 0.01

To do this, for each element of the Cartesian product of the
partitions of the fuzzy set carriers A and B, we calculate the
value bi·d j for all i, j = 0,m. Therefore, we obtain a matrix
of dimension (m + 1) × (m + 1). For the obtained range of
values, we find the minimum and maximum elements to
determine the carrier for the resulting fuzzy number [w; z].
Then, we divide the obtained real interval by the points zi

into m equal parts (i = 0,m): [w; z] = [z0; z1] ∪ [z1; z2] ∪
. . . [zm−1; zm], where z0 = w, zm = z.

For each part, we determine its middle point:

z∗k =
zk + zk+1

2
, (6)

where k = 0,m − 1.
From the set of Cartesian product elements, we select

those pairs (bi, d j), for which bi · d j ∈ [zk; zk+1]. For each
such pair (bi, d j), we determine µC(bi, d j) = µA(bi)∧µB(d j)
(minimum of µA and µB), and set the corresponding µc(z∗k)
to the maximum of µC(bi, d j). The process is repeated for
each interval [zk; zk+1], where k = 0,m − 1.

So, using the developed algorithm it is possible to ob-
tain a discrete membership function as the result of multi-
plying of two fuzzy numbers (table 1).

For comparison, we can simulate the distribution of the
values AB directly using the data of the frequency charac-
teristics of A and B. That is, we “unfold” the frequency
distribution into a set of values according to the frequency
of each value. For the obtained samples we perform the
operation of pairwise multiplication of all possible sam-
ple values. As a result, we obtain a set of 62500 values,
which can be used to construct a frequency polygon, and
consequently determine the membership function µC .

Then, we compare the fuzzy numbers obtained by two
different methods (figure 2).

The graphs show the absence of significant differences
in the constructed membership functions. But it is quite

Figure 2. Membership functions of original and resulting fuzzy
numbers

obvious that the amount of calculations in the direct “mul-
tiplication” of the samples is always significantly larger.

4.2 Using fuzzy arithmetic in labor rationing tasks

The proposed methods can be tested on examples of as-
sessing indicators used in labor rationing. Consider the
time of maintenance of workplace (Ttech), which is calcu-
lated by the formula:

Ttech =
Tn

T f
· Tm, (7)

where T f – the time of equipment failure at the workplace;
Tm – machine operation time;
Tn – the rate of time (or complexity) for the elimination of
the failure, equal to the downtime of the workplace.

In this case, to describe the characteristics required for
the calculations, we will use triangular fuzzy numbers.

So, let Tn = (10/15/20) (min.), T f = (200/250/300)
(min.). The value Tm is given as a crisp real number, and
it is equal to 20 (min.).

Applying the division operation to the fuzzy numbers
Tn and T f , we obtain the result (after multiplying by Tm):
Ttech = (0.625/1.132/1.905). The table 2 is filled with
intermediate and resulting calculations.

Table 2. Calculation of workplace maintenance time

α Tn T f Tn/T f T tech

0.00 10.00 200.00 0.031 0.625
0.33 11.67 216.67 0.039 0.773
0.67 13.33 233.33 0.047 0.941
1.00 15.00 250.00 0.057 1.132
0.67 16.67 266.67 0.068 1.351
0.33 18.33 283.33 0.080 1.606
0.00 20.00 300.00 0.095 1.905

A graphic representation of the obtained membership
function of the workplace maintenance time is shown in
figure 3.
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Figure 3. Membership function of Ttech

It is seen from the graph of the membership function,
that the central value is shifted to the left, and the devia-
tions from it are not quite symmetrical.

The proposed methods can be used when working with
other economic indicators of a fuzzy nature to take into ac-
count the uncertainty associated with the fuzzy estimation
of their components.

Consider the possibility of applying these methods on
the example of estimating the fuzzy duration of a techno-
logical operation T , consisting of several elements, which
duration is presented as fuzzy numbers.

The parameters for a fuzzy description of each oper-
ation element are calculated based on the statistical anal-
ysis of the observations on the duration of the operation
elements at one workplace for one work shift (table 3).
Using fuzzy numbers as the duration of each operation el-
ement, we can determine the fuzzy duration of the entire
operation using some methods of performing arithmetic
operations on fuzzy numbers (table 4). Observational data
is considered stable because the coefficients of constancy
Kst = max/min (used in labor rationing) do not exceed the
allowable values for this type of production.

Table 3. Technological operation elements

Element description Element name
Take workpiece, install and fasten T1
Switch on machine, withdraw tool T2
Sharpen the part in one pass T3
Withdraw tool, stop speed T4
Unfasten, remove, set aside T5

Both triangular and trapezoidal fuzzy numbers can be
used to describe the duration of the technological opera-
tion elements. For trapezoidal numbers, we use the values
of the boundaries of the entropy interval as the interval on
which the membership function is equal to 1. Four pa-
rameters for each description of the number are given in
table 5 and table 6.

Using the tools of programming language R, we con-
sistently find the sums of the fuzzy numbers described
above for triangular as well as trapezoidal membership
functions [16]. The results of fuzzy calculations we sum-

Table 4. Observations on the operation duration

Observation Duration of operation element, sec.
T1 T2 T3 T4 T5

1 9 3 103 4 5
2 10 5 102 3 6
3 7 4 115 5 7
4 11 3 118 4 5
5 14 4 121 6 9
6 8 5 136 4 7
7 12 7 139 6 6
8 11 6 110 5 10
9 13 4 128 4 8

10 8 5 125 6 6
Kst 2 2.33 1.36 2 2

Table 5. Fuzzy duration of technological operation elements
(triangular fuzzy numbers)

Element name a1 a2 a3 a4

T1 7.0 10.47 10.47 14.0
T2 3.0 4.74 4.74 7.0
T3 102.0 121.61 121.61 139.0
T4 3.0 4.78 4.78 6.0
T5 5.0 7.05 7.05 10.0
T1 + T2 10.0 15.21 15.21 21.0
T3 + T4 105.0 126.39 126.39 145.0∑4

i=1 Ti 115.00 141.6 141.6 166.0∑5
i=1 Ti 120.00 148.65 148.65 176.0

Table 6. Fuzzy duration of technological operation elements
(trapezoidal fuzzy numbers)

Element name a1 a2 a3 a4

T1 7.0 8.89 12.03 14.0
T2 3.0 3.97 5.51 7.0
T3 102.0 113.97 129.21 139.0
T4 3.0 4.00 5.45 6.0
T5 5.0 5.97 8.14 10.0
T1 + T2 10.0 12.86 17.54 21.0
T3 + T4 105.0 117.97 134.66 145.0∑4

i=1 Ti 115.0 130.83 152.2 166.0∑5
i=1 Ti 120.0 137.88 159.25 176.0

marize in table 5 and table 6, and then provide a graphi-
cal representation of the resulting membership function for
two mentioned types: triangular (figure 4) and trapezoidal
(figure 5).

It is seen from the graphs of membership functions of
the resulting indicators, that when performing the addition
operation, the shape of the resulting membership function
coincides with the shape of the membership function of
terms, and the real interval of the fuzzy number, which de-
termines the duration of the entire technological operation,
does not depend on the membership function type.

As we can see, the carriers of fuzzy numbers are the
same for both forms of fuzzy numbers, and the result-
ing membership functions allow us to make a conclusion
about the fuzzy duration of the technological operation.
This will focus the production system on the stabiliza-
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Figure 4. Membership functions of duration of technological
operation and its elements (triangular fuzzy numbers)

Figure 5. Membership functions of duration of technological
operation and its elements (trapezoidal fuzzy numbers)

tion of labor processes by reducing the need for regula-
tion within the fuzzy values of norms. In particular, such
fuzzy estimators of the duration of different technological
operations could be used in planning and forecasting the
results of production processes on the enterprises. So, the
decision-making systems can rely on more adequate and
consistent information about labor and production pro-
cesses, which allows determining the entire state of eco-
nomic development on the enterprise.

5 Results and discussion

The stated approach to modeling uncertainty in economic
indicators using fuzzy numbers provides considerable op-
portunities to obtain the most adequate estimates of these
indicators using all available information on their struc-
ture and dynamics. Fuzzy arithmetic gives a powerful tool,
which allows working with fuzzy economic indicators. We
considered the appropriate theoretically sound calculation
methods, and showed the examples of their use by modern
computing tools.

In particular, the programming language R, as freely
available and open-source fuzzy system software, was

used for automating arithmetic calculations using a fuzzy
representation of economic indicators. We have shown
that this approach is quite objective in terms of a formal-
ized description of the existing uncertainty in any eco-
nomic indicators, and as an example in the labor rationing.
R is an ideal choice of language for such a toolbox for
fuzzy calculations, as it is freely available and used by a
wide variety of researchers from plenty of research fields
[14].

6 Conclusion

In this paper, we have analyzed the state of development
of the fuzzy arithmetic approach in economic problems in
order to provide samples of application fuzzy arithmetic
methods in estimating different economic indicators re-
lated to a particular branch (for example, labor rationing),
and to focus on significant further developments.

Further research should improve the methodology of
calculating fuzzy values of indicators used in other eco-
nomic branches, and it will allow achieving a more ade-
quate description of uncertainties in economic indicators,
and to some extent simplify the decision-making processes
in economic tasks. With this approach, decision-makers
will be able to have more space to define important eco-
nomic indicators and obtain more valuable information
from the final results.
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